A twisted Baxter operator and a twisted dendriform algebra are introduced, and their basic properties are studied. We prove that a twisted Baxter operator induces a twisted dendriform algebra.
Introduction.
A Rota-Baxter operator or shortly Baxter operator is a linear map on an associative k-algebra A satisfying the following axiom.
β(x)β(y) = β(β(x)y + xβ(y) + λxy),
where x, y ∈ A and λ is an element of the base ring k. In particular, when λ = 0, we say Baxter operator has zero weight . The Baxter operator was first introduced by G. Baxter [5] , and his work was popularized by G.C. Rota [18] [19] , P. Cartier [6] . Our study was inspired by M. Aguiar [1] [2] [3] and also K. Ebrahimi-Fard [8] . In [2] it is shown that Baxter operators of zero weight define dendriform algebras. A notion of dendriform algebra is introduced by J.-L. Loday [15] , motivated by study of operads. The dendriform algebras are defined by the following three axioms.
(x ≺ y) ≺ z = x ≺ (y ≻ z + y ≺ z), (x ≻ y) ≺ z = x ≻ (y ≺ z), x ≻ (y ≻ z) = (x ≻ y + x ≺ y) ≻ z, where ≻ and ≺ are binary multiplications. The main philosophy of dendriform algebras is a characterization of associative algebras such that the sum of two multiplications, xy := x ≻ y + x ≺ y, is associative.
In [1] , he introduced an associative analog of classical Yang-Baxter equation. The following equations are both called an associative Yang-Baxter equation (AYBE). 0 = r 13 r 12 − r 12 r 23 + r 23 r 13 ,
where r ∈ A ⊗ A and r := u i ⊗ v i . (3) is the tensor representation of (2). In [2] , it was shown that a solution of the associative version defines a Baxter operator of zero weight by β(x) := u i xv i for any x ∈ A.
We recall usual classical Yang-Baxter equation and its twisted version over nonlinear setting. An important class of r-matrices is Poisson structures. Let V be a smooth manifold. A bivector field π on V is called a Poisson structure, if π is a solution of CYBE:
where χ(V ) is the space of derivations on V and the bracket [·, ·] is a Schouten bracket which is considered as a Gerstenharber bracket on n≥0 n χ(V ). A bivector field π is identified with a linear map π : Ω 1 (V ) → χ(V ), where Ω 1 (V ) is the space of 1-forms on V . In Poisson geometry, it is well-known that (4) is equivalent with (5) below.
[π(η), π(θ)] = π([π(η), θ] + [η, π(θ)]) for any η, θ ∈ Ω 1 (V ).
Here bracket of left-hand side is a canonical Lie, or Leibniz bracket on χ(V ), and the two brackets of right-hand side are certain representation of χ(V ) by Ω 1 (V ). On the other hand, a twisted Poisson structure ( [20] ) is defined as a solution of the following twisted equation. For any η, θ ∈ Ω 1 (V ):
[π(η), π(θ)] = π([π(η), θ] + [η, π(θ)] + φ(π(η), π(θ))),
where φ is a closed 3-form in 3 Ω(V ). It is important that if π is a twisted
Poisson structure then the bracket
is a Lie bracket on Ω 1 (V ). In particular if φ = 0 then (6) coincides with (5). Hence twisted Poisson structures are natural generalization of (non-twisted) Poisson structures.
We assume a formal correspondence between (1) and (5), however we assume λ := 0. Then Poisson structures π : Ω 1 (V ) → χ(V ) formally correspond with Baxter operators β : A → A. More precisely, we must choose the domain of β the dual space of A. Under this picture, it is natural to consider an associative counterpart of (6) .
In this letter, we introduce twisted versions of both Baxter operators and dendriform algebras, and study the relationship of these two twisted notions.
In Section 2, we will give a generalized definition of Baxter operators of zero weight (see Definition 2.1 below). Let M be a A-bimodule. A generalized Baxter operator is defined as a linear map β : M → A to be satisfying the following axiom.
where m, n ∈ M . When M = A as the canonical bimodule, the generalized definition coincides with the classical one. Under this generalized definition, we can show that every dendriform algebra is given by a Baxter operator. In Proposition 2.12, we will introduce a structure equation of Baxter operator. It will be shown that β : M → A is a Baxter operator if and only if β is a solution of the following Yang-Baxter-type equation:
where [·, ·] µ is a graded Leibniz bracket which is induced as a derived bracket of Gerstenhaber bracket.
In Section 3, we will see that a twisted Baxter operator is naturally defined as a linear map β : M → A by the following axiom.
where φ is a Hochschild 2-cocycle in C 2 (A, M ). The generalized Baxter operator above is a special twisted Baxter operator in which the 2-cocycle φ = 0. We have Baxter operators of 3-types: (i) generalized Baxter operator of zero weight, (ii) classical Baxter operator of nontrivial weight, (iii) twisted and generalized Baxter operator. In Section 4, we will define the generalized Baxter operators with nontrivial weight and announce the notion of twisted Baxter operators with nontrivial weight. The complete classification of these operators will be given in next paper [21] .
In subsection 3.2, we will also give a twisted type of dendriform algebra. The twisted algebra has the other binary multiplication "∨" satisfying
and a certain cocycle condition (Definition 3.10). Such an algebra is called a twisted dendriform algebra. An example of a twisted dendriform algebra is a dendriform trialgebra ( [16] ). A twisted dendriform algebra is a new characterization of associative algebras such that the sum of three multiplications
is associative and Φ(x, y) := x ∨ y is a Hochschild 2-cocycle with respect to the multiplication (7). In Theorem 3.18, it will be shown that a twisted Baxter operator induces a twisted dendriform algebra.
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Notations and Standing assumptions. Throughout this article, A is an associative algebra over a commutative ring k and M is a A-bimodule. The algebras are not necessarily unital. Elements of M and A will be denoted by m, n, l... and a, b, c, ... respectively. And all actions will be denoted by dot "·".
2 Baxter operators and dendriform algebras.
Basic theory.
A (Rota-)Baxter operator of zero weight is classically defined as a linear map on an associative algebra by the following condition (8) . We define (Rota-)Baxter operators of zero weight over more general setting. 
where β(m) · n and m · β(n) are left and right actions of the bimodule.
Assume that N is an A-bimodule. One can easily check that if f : N → M is an A-bimodule morphism and β : M → A is a Baxter operator then the composition β • f is also a Baxter operator. In particular, when M = A canonically, the above definition is the classical definition of Baxter operators of zero weight. We refer [5] for an original operator of G. Baxter and L. Guo [10] for interesting another example. 
Put a = (m) and b = (n). Then we obtain
Example above is generalized in Example 3.3 below. Proof. Given a binary operation µ on M , we define β :
Here we used m · β(n) = 0.
Recall associative Yang-Baxter equation (AYBE) in Introduction. In [2] it was shown that a solution r ∈ A ⊗ A of AYBE defines a Baxter operator β : A → A. It is interesting to consider a relationship between our generalized Baxter operators and AYBE. In the following example, we show that a skew symmetric solution of AYBE is a Baxter operator from Hom k (A, k) to A. Example 2.6. We assume that r :
where is omitted. We put M := Hom k (A, k). The A-bimodule structure on
In this case, applying g ⊗ f to (9), we obtain the defining condition of Baxter operator forr.
We refer [3] for the detailed study of skew symmetric solutions of AYBE.
We study a geometrical representation of Baxter operators. Set an algebra A ⊕ 0 M equipped with an associative multiplication:
where (a, m), (b, n) ∈ A ⊕ M . Namely, A ⊕ 0 M is a semidirect product of A and M . For a given linear map β : M → A, we denote the graph of β by L β , i.e.,
The main philosophy of this article is due to the following lemma.
Lemma 2.7. β is a Baxter operator if and only if
Remark (Dirac structures [7] ). It is well-known that a bivector field π is a Poisson structure on V if and only if the graph of π :
it is denoted by L π , is a Lie algebroid which is considered as a nonlinear version of Lie algebras. In our picture, L β is an associative counterpart of L π .
In this way, some operators are characterized by the graphs. J.M. Freeman [9] gave a detailed study for several operators, from this point of view. Lemma 2.7 is followed from his work.
By the definition, L β and M are isomorphic as modules by (β(m), m) ∼ = m. Thus if β is a Baxter operator, i.e., L β is an associative subalgebra of A ⊕ 0 M then M is also an associative algebra.
In the following proposition we show that our generalized Baxter operators can be lifted up the classical version.
0). β is a Baxter operator if and only ifβ is a Baxter operator on
On the other hand,
This proposition will be used in subsection 2.2.
We recall dendriform algebras ( [15] ). Let E be a module equipped with two binary operations ≺ and ≻. E is called a dendriform algebra, if three axioms below are satisfied.
where x, y, z ∈ E.
In Lemma 2.7 we saw that given a Baxter operator β : M → A, then M becomes an associative algebra by the isomorphism L β ∼ = M . This induced associative multiplication on M comes from the dendriform algebra associated with β.
Proposition 2.9. ( [15] ) Given a dendriform algebra, the sum of two multiplications xy := x ≻ y + x ≺ y is an associative multiplication.
In [2] it was shown that if β : A → A is a Baxter operator then a ≻ b := β(a)b and a ≺ b := aβ(b) satisfy the axioms (11)- (13) 
Proof. If β is a Baxter operator then we have
where l ∈ M . All other axioms are proved similarly.
We consider the converse of Proposition 2.10. Given a dendriform algebra E, E is an associative algebra by Proposition 2.9. We denote the associated associative algebra by E ass . One can easily check that E is an E ass -bimodule by e · x := e ≻ x and x · e := x ≺ e, where e ∈ E ass and x ∈ E. In fact, the axiom (11) (resp. (13)) is a right (resp. left) module condition and (12) is a bimodule condition. Under this setting, the identity map 1 : E → E ass is a Baxter operator and the corresponding dendriform algebra is the original one. Hence all dendriform algebras are induced by Baxter operators. However this correspondence between Baxter operators and dendriform algebras is not bijective. We will discuss the correspondence as follow.
Let Dend be the category of dendriform algebras. The objects of Dend are dendriform algebras and the morphisms are the obvious ones. In addition we consider the category of Baxter operators, it is denoted by Bax. The objects of Bax are Baxter operators β : M → A and the morphisms are commutative diagrams of linear maps:
such that
, where γ is a Baxter operator and ψ 0 is not necessarily an algebra homomorphism. Proposition 2.10 defines a functor G : Bax → Dend. Converserely, for a given dendriform algebra E, the Baxter operator of identity map 1 : E → E ass is the result of a functor F : Dend → Bax. The composition GF is clearly identity, and one can check an adjoint relation of the pair (F, G):
where β means an object β : M → A. This isomorphism sends an arbitrary morphism (ψ : E → M ) ∈ Hom Dend (E, G(β)) to the following morphism in Hom Bax (F (E), β).
We consider a subcategory of Bax such that, in the definition of morphisms (14) , ψ 0 is assumed to be algebra homomorphism. We denote the subcategory by bax. We recall Proposition 2.8. The correspondence of Baxter operators β →β is described as a functor on bax. In fact, in (14) , if ψ 0 is an algebra homomorphism then we have a commutative diagram:
Sturucture equation.
In this subsection we introduce a structure equation of Baxter operator similar to the Poisson condition [π, π] = 0, and we study structures of dendriform algebras.
Assumption. In this section we assume that the base ring k has 1/2.
In Proposition 2.8, a Baxter operator β : M → A is lifted up to the Baxter operatorβ on the A ⊕ 0 M . We denote the associative multiplication of A by µ : A ⊗ A → A. Likeβ, we defineμ as the associative multiplication of A ⊕ 0 M byμ(a, b) = ab,μ(a, n) = a · n,μ(m, b) = m · b,μ(m, n) = 0. We define the following space on A ⊕ 0 M :
The 
We consider the derivation ofβ, i.e., the bracket [μ,β]:
The following lemma is the key.
Lemma 2.11.β •β = 0.
From this lemma we obtain
Explicitly, for any (a, m),
From (18), we obtain a structure equation of Baxter operator.
Proposition 2.12. A linear map β : M → A is a Baxter operator if and only if it is a solution of
From the graded Jacobi rule of G-bracket, we obtain two corollaries below. 
for any m, n ∈ M .
Corollary 2.14. [β, ·]μ is a square zero derivation of degree +1 for the derived bracket.
We study dendriform algebras from the point of view of the equation (19) . We will use a cup-product associated with an associative multiplication ( [12] ):
for any f, g ∈ G(A ⊕ 0 M ). This cup-product is associative, becauseμ is associative. By the cup-products, (17) is rewrote as follows.
We define new two cup-products modified by β:
These modified cup-products are not associative. On the other hand, from (20), if β is Baxter then the map f →β • f is Baxter with respect to the associative multiplication ∪μ. Thus, in this case, we obtain the dendriform conditions:
for any f, g, h ∈ G(A ⊕ 0 M ). Namely, two cup-products ⌣ 1 and ⌣ 2 define a dendriform algebra on G(A ⊕ 0 M ).
For a given Hochschild 2-cochain φ ∈ C 2 (A, M ), we can twistμ as folloŵ In the next section we study this problem.
3 Twisted anomaly.
Twisted Baxter operators.
In Lemma 2.7 we saw that Baxter operators are expressed as subalgebras of A ⊕ 0 M by the graphs. On the other hand, the semi-direct product algebra appears as the trivial extension of A by M :
In general, given an abelian extension, an associative multiplication on A ⊕ M has the form ( [17] ):
where φ is a Hochschild 2-cocycle in C 2 (A, M ), i.e., φ is satisfying a cocycle condition of Hochschild:
where ∂ is a coboundary map of Hochschild and a, b, c ∈ A. We denote an associative algebra A ⊕ M equipped with the twisted multiplication (21) by A ⊕ φ M . 
is satisfied for any m, n ∈ M .
Like Lemma 2.7, we consider the graph of β. It is shown that the graph L β is a subalgebra of A ⊕ φ M if and only if β is a φ-Baxter operator. By the definition, a φ-Baxter operator induces an associative multiplication on M , because M ∼ = L β . The associative multiplication on M is defined by
It is obvious that β is an algebra homomorphism: β(m × n) = β(m)β(n). Proof. Assume that ω is invertible and put β := ω −1 . Then (22) is equal to
This is the same as
Since the boundary is defined by
this implies that ∂ω(β(m), β(n)) = −φ(β(m), β(n)).
We give two examples of non-invertible Baxter operators. Recall an equivalence relation on abelian extensions. If two 2-cocycles φ and ψ are equivalent, i.e., the difference is the boundary of a 1-cochain ω then we have an algebra isomorphism τ ω between A ⊕ φ M and A ⊕ ψ M . When ∂ω = φ − ψ, the map τ ω has the form
In fact, τ ω ((a, 0) * (b, 0)) = (ab, φ(a, b) + ω(ab)) and 
We say that β and γ are "gauge equivalent", if τ ω (L β ) = L γ . When β and γ are gauge equivalent, we call the correspondence from β to γ a "gauge transformation".
Since τ ω is bijective, 1+ω •β is injective, and τ ω (L β ) = L γ if and only if 1+ω •β is bijective. In this case we obtain γ = β • (1 + ω • β) −1 , and the gauge relation is an equivalence relation. Under the assumption of a certain continuity, it is easy to make a gauge transformation.
Example 3.9. We assume that the base ring k is C and the dimensions of A and M are both finite. For a given φ-Baxter operator β : M → A, we can make an invertible map 1 + ǫω • β, where ǫ ∈ R is sufficiently small. If ω is a derivation then γ :
Twisted dendriform algebras.
We define a twisted version of dendriform algebra.
Definition 3.10. Let T be a k-module equipped with three binary multiplications ≻, ≺ and ∨. We call T a twisted dendriform algebra, if the following 4 axioms are satisfied. For any x, y, z ∈ T :
and
where × is defined as x × y := x ≻ y + x ≺ y + x ∨ y.
The notion of twisted dendriform algebra was already introduced in P. Leroux [13] by the name of NS-algebra. (27)
In [13] it was shown that if N is the Nijenhuis operator on A then the multiplications x ≻ y := N (x)y, x ≺ y := xN (y) and x ∨ y := −N (xy) satisfy the axioms of NS-algebra, or twisted dendriform algebra.
Example 3.12. A "dendriform trialgebra" ( [16] ) is a module equipped with three binary multiplications ≺, ≻ and ∨ satisfying the relations (23), (24), (25) and the following 4 relations.
One can easily check that the conditions (28)-(31) give the condition (26).
Hence, each dendriform trialgebra can be seen as twisted dendriform algebra. 
Proof. We check only (26). In the following we put (a, m) = A, (b, n) = B, and (c, l) = C for any elements in A ⊕ M . By the definition,
Hence, (26) is
Example 3.13 is not a dendriform trialgebra but ≻ and ≺ give a usual (nontwisted) dendriform algebra without ∨. The following example is not a trialgebra and not a usual dendriform algebra.
Example 3.14. T := A ⊗ A. (Described after Theorem 3.18 .)
The basic property of usual dendriform algebras is satisfied on the twisted class. Proof. For any x, y, z ∈ T :
On the other hand
By (23),(24) and (25),
As a corollary of this proposition we obtain an alternative definition of twisted dendriform algebras.
Corollary 3.16. T is a twisted dendriform algebra if and only if (23),(24) and (25) are satisfied and
We denote the associative algebra (T , ×) by T ass . A T ass -bimodule structure on T is well-defined by t · x := t ≻ x and x · t := x ≺ t, where t ∈ T ass . Corollary 3.17. For any x, y ∈ T ass , Φ(x, y) := x ∨ y is a Hochschild cocycle in C 2 (T ass , T ).
Proof. The cocycle condition of Φ is the same as (26).
We give the main result of this section. 
Proof. It is easy to check the conditions (23)-(25). We show (26). Since φ is a Hochschild cocycle, we have the cocycle condition:
where m, n, l ∈ M . From the definitions of ≺, ≻ and ∨, we have
On the other hand, we have
This says that (32) is equal to (26).
Consider Example 3.14. From Example 3.4 and the theorem above, A ⊗ A has a structure of twisted dendriform algebra. The twisted structures on A ⊗ A are, for generators,
where a, b, c, d ∈ A. Since the tensor product is defined over k, ∨ is not associative in general. Thus this example is not a dendriform trialgebra, and what's more, the sum of ≻ and ≺ is not associative in general. Define a multiplication
This product has an associative anomaly:
From Proposition 3.15, the induced associative multiplication on A ⊗ A is, for generators,
Finally, we study a relation between twisted Baxter operators and twisted dendriform algebras like subsection 2.1. We denote the categories of twisted Baxter operators and twisted dendriform algebra by φBax and ∨Dend, respectively. The objects of ∨Dend are twisted dendriform algebras and the morphisms are the obvious ones. The objects and morphisms of φBax are defined by the following commutative diagram. 
for any m, n ∈ M One can check that β is a weighted Baxter operator with a weight λ if and only if the graph of β is a subalgebra of (A ⊕ M, * λ ). When M = A, the definition of weighted Baxter operator coincides with a classical definition (see [8] ).
In [8] , it was shown that a weighted Baxter operator β : A → A induces a dendriform trialgebra of Example 3.12. For the associative multiplication (33), the decomposition of A⊕M by A and M defines a twilled algebra, i.e., A and M are subalgebras of (A ⊕ M, * λ=1 ). From this fact, we notice a generalized notion of weighted Baxter operators.
In [14] , the notion of "Hamilton operators" is defined as the solutions of the following Maurer-Cartan-type equation. If d = 0 then a Hamilton operator is a Poisson structure. In [21] , we will introduce the notion of associative Hamilton operators as an associative counterpart of classical Hamiltonian operators. In addition, using this new operators, we will study a notion of twisted and weighted Baxter operators.
5 Appendix.
Let B be a k-module. Set the module consistence of homomorphisms
Hom k (B ⊗n , B).
The degree of f ∈ G(B) is m, if f is in Hom k (B ⊗m , B). For a give two elements f ∈ Hom k (B ⊗m , B) and g ∈ Hom k (B ⊗n , B), we define a product below. 
